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Abstract – For the recently introduced µ-deformed analog of Bose gas model (µ-Bose gas model),
its thermodynamical aspects e.g. total number of particles and the partition function are certain
functions of the parameter µ. This basic µ-dependence of thermodynamics of the µ-Bose gas arises
through the so-called µ-calculus, an alternative to the known q-calculus (Jackson derivative, etc.),
so we include main elements of µ-calculus. Likewise, virial expansion of EOS and virial coefficients,
the internal energy, specific heat and the entropy of µ-Bose gas show µ-dependence. Herein, we
study thermodynamical geometry of µ-Bose gas model and find the singular behavior of (scalar)
curvature, signaling for Bose-like condensation. The critical temperature of condensation T
(µ)
c
depending on µ is given and compared with the usual Tc, and with known T
(p,q)
c of p, q-Bose gas
model. Using the results on µ-thermodynamics we argue that the condensate of µ-Bose gas, like
the earlier proposed infinite statistics system of particles, can serve for effective modeling of dark
matter.
Introduction. – The works dealing with deformed
Bose gas models are rather numerous, see e.g. [1–12].
As usual, the deformations are based on respective de-
formed oscillator models such as q-oscillators [13, 14] and
the 2-parameter p, q-deformed (or Fibonacci) oscillators
[15]. A plenty of nonstandard one-parameter deformed
oscillators (DOs) exist [16], along with polynomially de-
formed ones [17]. Among so-called quasi-Fibonacci oscil-
lators [18] we find the µ-deformed oscillator [19]. The DO
models often possess unusual properties, e.g. various en-
ergy level degeneracies, nontrivial recurrent relations for
energy spectra etc. Nontrivial features of DOs motivate
their application in diverse fields of quantum physics.
Physical meaning of deformation and its parameter(s)
depend on specific application of the model of deformed
bosons to a physical system. When the model of ideal gas
of deformed bosons is applied to computing the intercepts
of the momentum correlation functions [6, 7, 10], one ef-
fectively takes into account the non-zero proper volume
of particles [20], or their internal structure or compos-
iteness [21, 22]. The experimental data on the two-pion
correlation-function intercepts shows [23] non-Bose type
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behavior of pions, and the efficiency of using deformed
analogs of Bose gas model in that context has been demon-
strated [7, 24, 25]. There exists a successful application of
q-Bose gas setup to overcome the difficulty with unstable
phonon spectrum, confirmed [4] by experimental measure-
ments of phonon lifetime.
In the µ-Bose gas model and other deformed analogs
of Bose gas model, quantum statistical interaction gets
modified [12,26]. The deformation may also absorb [9] an
interaction present in the initially non-deformed system.
The µ-Bose gas model was proposed in [10, 11] wherein
the (intercepts of) correlation functions of 2nd, and higher
order were derived. The study of µ-Bose gas thermody-
namics started in [27] used the special so-called µ-calculus.
That allowed to explore important quantities and aspects.
In this paper, we wish to explore whether µ-Bose gas
model is able to model basic features of dark matter, and
make some first steps. Among the approaches to model
dark matter, those based on the idea of Bose-Einstein con-
densate (BEC) are very numerous, see e.g. [28–33], re-
view [34] and references therein: these possess plausible
features of cold dark matter, in some respects show advan-
tages, though also may confront with their own difficulties,
say the problem of gravitational collapse [35].
In view of unknown precise nature of dark matter con-
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stituents, rather exotic candidates were proposed, e.g. ax-
ionic [36] or even stringy ones [37]. In some papers, the
authors exploited different models of nonstandard thermo-
statistics aimed at a modeling of unusual physical objects
in quantum cosmology, e.g. in the physics of dark mat-
ter [38, 39] or black holes [40–42]. But, we think it is
worth to examine other potentially interesting models of
nonstandard thermostatistics as candidates for modeling,
at least effectively, main properties of dark matter – in
order to choose most appropriate one.
About the plan of our paper. In Sec. 2 we give main
facts concerning the µ-deformed Bose gas model basing on
µ-calculus. Then in Sec. 3 the thermodynamic quantities
are explored. The expression for the total number of parti-
cles allows to derive the partition function (both quantities
carry explicit µ-dependence). In our study we mainly ex-
plore the regime of low temperature. In Sec. 4, we use the
geometric approach to thermodynamics (see e.g. [43–45])
and explore the possibility of Bose like condensation in the
µ-Bose gas model. The critical temperature of condensa-
tion and its dependence on the (deformation) parameter
µ are studied. Other aspects and thermodynamical func-
tions are considered in the next section. Discussion of
possible application to dark matter as well as concluding
remarks are given in the final section of the paper.
Deformed analogs of Bose gas model. – Like in
other works on deformed oscillators, see e.g. [4, 8, 9] we
deal in fact with the (system of) deformed bosons. The
virtues of such deformation is its ability to provide effec-
tive account of interaction between particles, their non-
zero volume, their inner (composite) structure etc.
Deformed Bose gas model termed µ-Bose gas model as-
sociated with µ-deformed oscillators [19] was developed
in [10,11]. Therein, and in this paper, the thermal average
of the operator O is determined by the familiar formula
〈O〉 =
Tr(Oe−βH)
Z
, (1)
Z being the grand canonical partition function. Its loga-
rithm is
lnZ = −
∑
i
ln(1− ze−βεi) (2)
with the fugacity z = eβµ˜. The familiar formula
N = z
d
dz
lnZ (3)
for the number of particles will be modified, see below.
To study deformed Bose gas model, namely the µ-
Bose gas as the model describing the system of deformed
bosons, we use the Hamiltonian (µ˜ is chemical potential)
H =
∑
i
(εi − µ˜)Ni (4)
Here εi denotes kinetic energy of particle in the state ”i”,
Ni the particle number (occupation number) operator cor-
responding to state ”i”. To develop thermodynamics in
the µ-deformed model, we need the so-called µ-calculus.
Elements of µ-calculus. The familiar path of deriv-
ing thermodynamical functions and relations implies us-
age of standard derivative d/dx. Since we wish to develop
the µ-analog of the Bose gas model, we extend (deform)
the very notion of derivative. The so-called µ-derivative,
introduced in [27], differs from the known Jackson or q-
derivative [46] and its p, q-extension (used in [12]). The
easiest way to introduce the µ-extension is by the rule
D(µ)x x
n=[n]µx
n−1, [n]µ≡
n
1 + µn
(µ-bracket) (5)
so that the µ-derivative involves the µ-bracket from the
work on µ-oscillator [19]. If µ → 0, [n]µ → n, and the
µ-extension D
(µ)
x reduces to usual derivative d/dx.
Knowledge of the action of µ-derivative on monomials
xm is enough for the goals of this work, while the general
rule for action of µ-derivative on general function f(x) is
D(µ)x f(x) =
∫ 1
0
dtf ′x(t
µx), f ′x(t
µx) =
df(tµx)
dx
. (6)
Clearly, formula (5) stems from this general definition.
For kth power of µ-derivative acting on xn we have
(D(µ)x )
kxn =
[n]µ!
[n− k]µ!
xn−k, [n]µ! ≡
n!
(n;µ)
(7)
where (n;µ) ≡ (1 + µ)(1 + 2µ)...(1 + nµ).
The inverse
(
D
(µ)
x
)
−1
of the µ-derivative D
(µ)
x in (5) and
(6) can as well be defined.
Let us note that for the µ-derivative (6) there ex-
ist its q, µ- or (p, q;µ)-deformed extensions: instead of
(d/dx)f(tµx) in (6) one takes Dqxf(t
µx) or D
(p,q)
x f(tµx).
The two extensions correspond to the (q;µ)- or (p, q;µ)-
deformed quasi-Fibonacci oscillators in [18].
So, to develop the µ-Bose gas thermodynamics we apply,
where necessary, the µ-derivative D
(µ)
z instead of usual
d/dz. Due to µ-derivative, the parameter µ of deformation
enters the treatment, and the system becomes µ-deformed.
For small µ ≪ 1, the usual and the deformed derivatives
of a function have similar behavior, that is easily seen by
acting with µ-derivative and usual one on the monomial,
logarithmic, exponential function, etc. Such property of
µ-derivative justifies, at least partly, its use in developing
thermodynamics of µ-Bose gas.
Appearance of µ-bracket [n]µ and µ-factorial [n]µ!, see
(5), (7) generates µ-deformed analogs [27] of elementary
functions: µ-exponential expµ(x), µ-logarithm lnµ(x) (in-
volving µ-numbers [n]µ and µ-factorial [n]µ! = [n]µ[n −
1]µ...[2]µ[1]µ). New special functions e.g., µ-analog of
polylogarithms, do also appear, see [27] and below.
Acting on product of functions by D
(µ)
x (µ-Leibnitz rule).
Let the µ-derivative act on the product f(x) · g(x).
From definition (10), taking the monomials f(x) = xn
and g(x) = xm we infer
D(µ)x (x
nxm)=D(µ)x (x
mxn)=
n+m
1 + µ(n+m)
xn+m−1. (8)
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Formula for D
(µ)
x operating on general product f(x) · g(x)
does also exist, but we will not need it in this work.
Thermodynamics of µ-Bose gas model. – Now
we study thermodynamics of µ-Bose gas model using the
µ-calculus. Consider the gas of non-relativistic particles
and focus mainly on the regime of low temperatures.
Total number of particles. The usual relation for total
number of Bose gas particles is
N = z
d
dz
lnZ. (9)
For µ-Bose gas thermodynamics, the total number of par-
ticles N ≡ N (µ) is defined as
N (µ) = zD(µ)z lnZ = −zD
(µ)
z
∑
i
ln(1 − ze−βεi) (10)
where the µ-derivative D(µ) from (5) is used. For µ ≥ 0,
we apply it to the (log of) partition function in (2) to get
N (µ)=z
∑
i
∞∑
n=1
e−βεin
n
[n]µz
n−1=
∑
i
∞∑
n=1
[n]µ
n
(e−βεi)nzn .
(11)
We require 0 ≤ |ze−βεi| < 1 in (11). As we deal with
non-relativistic particles of mass m, the energy εi is taken
as
εi =
−→p i
−→p i
2m
=
|p|2
2m
=
p2i
2m
(12)
with the 3-momentum −→p i of particle in i-th state.
At z → 1 the summand in (11) diverges when pi =
0, i = 0. So we assume that the i = 0 ground state admits
macroscopically large occupation number. Likewise, even
for z 6= 1 we as well separate the term with pi = 0 from
the remaining sum:
N (µ) =
∑
i
′
∞∑
n=1
[n]µ
n
(e−βεi)nzn +
∞∑
n=1
[n]µ
n
zn. (13)
The sum symbol
∑
i
′
in (13) means that the i = 0 term is
dropped from the sum. For large volume V and large N
the spectrum of single-particle states is almost continuous
so we replace the sum in (11) by integral:∑
i
→
V
(2πh¯)3
∫
d3k. (14)
Thus, we isolate the ground state and include the contri-
bution from all other states in the integral. To compute
the total number of particles we integrate over 3-momenta
in spherical coordinates:
N (µ)=
4πV
(2πh¯2)3
∞∑
n=1
[n]µz
n
n
∫
∞
0
p2e−
βp2
2m dp+
∞∑
n=1
[n]µz
n
n
. (15)
In the integral, the lower limit can still be taken as zero:
indeed, the ground state, p0, does not contribute to the
integral. Integration by parts leads us to the µ-deformed
total number of particles:
N (µ) =
V
λ3
∞∑
n=1
[n]µ
n5/2
zn+N
(µ)
0 , N
(µ)
0 ≡
∞∑
n=1
[n]µ
n
zn, (16)
where λ =
√
2pih¯2
mkT is the thermal wavelength. This result
can be presented through the µ-analog of Bose function:
N (µ) =
V
λ3
g
(µ)
3/2(z) + g
(µ)
0 (z), g
(µ)
0 (z) = N
(µ)
0 . (17)
Here g
(µ)
0 (z) and g
(µ)
3/2(z) are the µ-polylogarithm , i.e. µ-
analog of the usual polylogarithm gl(z) =
∑
∞
n=1 z
n/nl:
g
(µ)
l (z) =
∞∑
n=1
[n]µ
nl+1
zn. (18)
The limit µ → 0 recovers usual gl(z) function (polyloga-
rithm).
For positive real µ the convergence properties are not
spoiled and, like for the standard g-function gl(z), there
should be |z| < 1. Note that the restriction z < 1/q does
appear for the version of q-Bose gas studied in Ref. [5].
For the needs of subsequent analysis, let us rewrite the
expression in (17) for total number of particles as
1
v
=
1
λ3
g
(µ)
3/2 +
N
(µ)
0
V
, v ≡
V
N (µ)
. (19)
Deformed grand partition function. In µ-Bose gas
model, we use the relations between thermodynamical
functions similar to those of usual Bose gas thermody-
namics, but in our case all the thermodynamical functions
including the partition function become µ-dependent.
To obtain deformed partition function lnZ(µ) take
N (µ) = z
d
dz
lnZ(µ) (20)
and invert it:
lnZ(µ) =
(
z
d
dz
)
−1
N (µ). (21)
To apply
(
z ddz
)
−1
, we use the following property for a
function f(z ddz ) admitting power series expansion:
f
(
z
d
dz
)
zk = f(k)zk. (22)
Then, from (21), (22) and (16) we infer
lnZ(µ) =
(
z
d
dz
)
−1
(
V
λ3
∞∑
n=1
[n]µ
n5/2
zn +
∞∑
n=1
[n]µ
n
zn
)
=
=
V
λ3
∞∑
n=1
[n]µ
n5/2
(n)−1zn +
∞∑
n=1
[n]µ
n
(n)−1zn (23)
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or, in a more compact form,
lnZ(µ) =
V
λ3
g
(µ)
5/2 + g
(µ)
1 , (24)
Z(µ)(z, T, V ) = exp
(
V
λ3
g
(µ)
5/2(z) + g
(µ)
1 (z)
)
. (25)
Formulas (23)-(25) provide the µ-deformed partition func-
tion and play basic role: using (25) we can derive other
thermodynamical functions and relations.
Geometric approach to µ-Bose gas model. – Let
us study the thermodynamics of µ-Bose gas using ther-
modynamical geometry in the space with two parameters
β, γ, where γ = −βµ˜ and µ˜ is chemical potential. The
components of the metric in the Fisher-Rao representa-
tion are defined as
Gββ =
∂2 lnZ(µ)
∂β2
= −
(
∂U
∂β
)
γ
, (26)
Gβγ =
∂2 lnZ(µ)
∂γ ∂β
= −
(
∂N
∂β
)
γ
, (27)
Gγγ =
∂2 lnZ(µ)
∂γ2
= −
(
∂N
∂γ
)
β
(28)
(note that Gγβ = Gβγ). Using these and eq. (24) we cal-
culate the expressions for metric components and obtain
Gββ =
15
4
V
λ3β2
g
(µ)
5
2
(z) , (29)
Gβγ =
3
2
V
λ3β
g
(µ)
3
2
(z) , (30)
Gγγ =
V
λ3
g
(µ)
1
2
(z) + g
(µ)
−1 (z) . (31)
From (29)-(31) the determinant of the metric results:
det|Gij | ≡ g =
3
4
V
λ3β2
(
5g
(µ)
5
2
(z)g
(µ)
−1 (z)+
+
V
λ3
(
5g
(µ)
5
2
(z) g
(µ)
1
2
(z)− 3g
(µ)
3
2
(z) g
(µ)
3
2
(z)
))
. (32)
Components of inverse metric are given as (β ↔ 1, γ ↔ 2)
G11 =
G22
g
, G12 = −
G12
g
, G22 =
G11
g
. (33)
Since the metric components are expressed through deriva-
tives of partition function, see (26)-(28) ), the formulas for
Christoffel symbols and the Riemann tensor are found as
Γ
(µ)
λσν =
1
2
(
lnZ(µ)
)
,λσν
. (34)
Rλσνρ ≡ g
κτ (ΓκλρΓτσν − ΓκλνΓτσρ) . (35)
Calculation of the Christoffel symbols yields
Γβββ = −
105
16
V
λ3β3
g
(µ)
5
2
(z) ,
Γββγ = −
15
8
V
λ3β2
g
(µ)
3
2
(z) ,
Γβγγ = −
3
4
V
λ3β
g
(µ)
1
2
(z) ,
Γγββ = −
15
8
V
λ3β2
g
(µ)
3
2
(z) ,
Γγβγ = −
3
4
V
λ3β
g
(µ)
1
2
(z) ,
Γγγγ = −
1
2
(
V
λ3
g
(µ)
−
1
2
(z) + g
(µ)
−2 (z)
)
.
As known, in 2-dimensional space the scalar curvature R
is determined by one component of Riemann tensor, i.e.
R =
2R1212
g
. (36)
Denoting g
(µ)
l (z) ≡ g
µ
l , for the component R1212 we ob-
tain:
Rβγβγ=
45
64
(
V
λ3β2
)2
1
g
[
5gµ3
2
gµ3
2
gµ
−1 − 7g
µ
5
2
gµ1
2
gµ
−1+
+2gµ3
2
gµ5
2
gµ
−2 +
V
λ3
(
2gµ3
2
gµ5
2
gµ
−
1
2
− 4gµ5
2
gµ1
2
gµ1
2
+
+2gµ3
2
gµ3
2
gµ1
2
)]
. (37)
Substitution of this in eq. (36) yields our final result:
R =
5
2
(
5gµ3
2
gµ3
2
gµ
−1 − 7g
µ
5
2
gµ1
2
gµ
−1 ++2g
µ
3
2
gµ5
2
gµ
−2+
+
V
λ3
(
2gµ3
2
gµ5
2
gµ
−
1
2
− 4gµ5
2
gµ1
2
gµ1
2
+ 2gµ3
2
gµ3
2
gµ1
2
))
×
×
(
5gµ5
2
gµ
−1 +
V
λ3
(
5gµ5
2
gµ1
2
− 3gµ3
2
gµ3
2
))−2
. (38)
Curvature in the thermodynamical parameters space is
a useful tool to study thermodynamical properties of the
system: it becomes singular at the phase transition points.
The µ-polylogarithm g
(µ)
l (z) involved in curvatureR is sin-
gular at z → 1, for l ≤ 1 in the case µ = 0 and for l ≤ 0
when µ 6= 0. Thermodynamical curvature R(z) in isother-
mal process has characteristic properties as a function of
fugacity. In the case V/λ3 ≪ 1 the curvature R(z) has no
singularities as seen in Fig. 1.
In the case V/λ3 ≫ 1 the dependence looks as shown
in Fig. 2. If V/λ3 is sufficiently large to neglect the terms
which do not contain this factor, the curvature R(z) is
singular at z → 1. We conclude that, in the latter situ-
ation, the system undergoes phase transition, and hence
Bose-like condensation takes place. That is, the µ-Bose
gas model satisfies basic necessary property.
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μ = 0
μ = 1
2
μ = 1
0.2 0.4 0.6 0.8 1.0
z
0.05
0.10
0.15
0.20
0.25
0.30
R
Fig. 1: Scalar curvature R(z) in the case V/λ3 ≪ 1, for differ-
ent values of deformation parameter µ = 0, 1
2
, 1, in isothermal
process β = const.
Critical temperature of condensation. – In the
regime of low temperature and high density one can ob-
tain, like for p, q-Bose gas [12], the critical temperature
T
(µ)
c of condensation in the considered µ-deformed Bose
gas model [27]. We start with eq. (19) and rewrite it as
N
(µ)
0
V
=
λ3
v
− g
(µ)
3/2(z). (39)
The critical temperature T
(µ)
c of µ-Bose gas is determined
by the equation λ3/v = g
(µ)
3/2(1), that gives [27]:
T (µ)c =
2πh¯2/mk(
vg
(µ)
3/2(1)
)2/3 . (40)
Using the latter we infer the ratio of critical temperature
T
(µ)
c to the critical temperature Tc of usual Bose gas [47]:
T
(µ)
c
Tc
=
(
2.61
g
(µ)
3/2(1)
)2/3
. (41)
We see that the ratio T
(µ)
c /Tc, like in the case of p, q-Bose
gas model [12], has an important feature: the greater is
the strength of deformation (given by µ) the higher is T
(µ)
c
(say, for µ = 0.06 we have T
(µ)
c ≃ 1.22 · Tc). If µ→ 0
(no-deformation limit), the ratio T
(µ)
c /Tc = 1, i.e, the µ-
critical temperature tends to usual one, T
(µ)
c → Tc (a kind
of consistency). The existence of condensate of µ-bosons
is the first and crucial condition for possible use of µ-Bose
gas model in the (effective) modeling of dark matter.
Let T be in the interval 0<T <T
(0)
c ≤ T
(µ)
c . In the µ-
deformed case we have U
(µ)
T =
2
5c
(µ)
v =
3
5S
(µ) in similarity
with pure Bose case, i.e. UT =
2
5cv =
3
5S. From these we
infer two useful relations: U
(µ)
c
(µ)
v
= Ucv and
U(µ)
S(µ)
= US .
Possible application for modeling dark matter. –
In this paper, using the tools of thermodynamic geometry,
μ = 1
μ = 0
μ = 1
2
0.2 0.4 0.6 0.8 1.0
z
0.3
0.4
0.5
0.6
0.7
0.8
0.9
R
Fig. 2: Scalar curvature R(z) in the case V/λ3 ≫ 1, for differ-
ent values of deformation parameter µ = 0, 1
2
, 1, in isothermal
process β = const.
we verified the properties of µ-Bose gas model needed for
its modeling the dark matter properties. The appearance
of Bose-like condensation as main property, is confirmed.
As emphasized in [30], the dark matter surrounding
dwarf galaxies is to be viewed as ”strongly coupled, di-
lute system of particles”. In the case of µ-Bose gas, we
should stress that the interaction between µ-bosons (of
pure quantum statistical origin) is also attractive, and
due to deformation can be even stronger than that for
pure bosons. To see that compare the two 2nd virial co-
efficients: µ-dependent one V
(µ)
2 [27], and the standard
V
(Bose)
2 = 2
−5/2 (drop the sign ”minus” for the both):
V
(µ)
2 − V2
Bose = 2−7/2
(
[2]µ
[1]2µ
− 2
)
= 2−5/2
µ2
1 + 2µ
> 0.
I.e., due to enhanced attraction (of quantum origin) we
may say than the µ-bosons are ”more bosonic” than usual
bosons. This property is good for providing strongly cou-
pled system of (quasi)particles. We see that at large µ
one has g
(µ)
l (z)→ µ
−1g
(0)
l (z) ≡ µ
−1gl+1(z), where gl(z) is
the polylogarithm function. Then, the internal energy per
particle would not depend on µ while the total one does,
because of scale factor.
However, the unlimited growth of the parameter µ and
thus of the strength of attraction, could lead to a collapse
of the quantum system under study. To prevent that, we
can find some bound on the values of µ. Namely, the
requirement to forbid negative pressure can do the job.
We take (virial expansion of) the equation of state [27] to
second order i.e.
Pv
kT
= 1−
[2]µ
27/2[1]2µ
λ3
v
. (42)
Imposing P = 0 yields the relation for finding critical value
µ¯ of deformation strength:
2−7/2[2]µ
[1]2µ
λ3
v = 1. From that,
µ¯ = κ− 1 +
√
(κ− 1)κ, κ ≡ 25/2
v
λ3
, (43)
p-5
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and we have the condition µ ≤ µ¯ to avoid the collapse.
Obviously, κ=1 yields µ¯ = 0. Then µ = 0 and we recover
pure Bose case. On the other hand, the bound taken say
as µ¯ = 1 with 0 < µ ≤ 1 corresponds to the value κ = 43 .
There exists a special ”characteristic” value of µ for
which the deformed entropy (see eq. (41) and Fig. 6 in
[27]) becomes: S
(µ0)λ3
V kB
= 1 or just S
(µ0)λ3
V = kB. We
take this special value of µ as the bound µ¯ of our inter-
val, so that 0 < µ < µ¯≡µ0=1.895. At this deformation
strength µ0 ≃ 1.895, we obtain the relation
g3/2(1) = 3.3535 g
(µ=µ0)
3/2 (1) (44)
for usual polylogarithm and µ-polylogarithm. From that,
we find that the critical volume-per-particle (divided by
cube of thermal wavelength) in the µ-Bose gas is related
with similar quantity of the usual Bose gas by the formula:( vc
λ3
)
µ=µ0
= 3.3535
(vc
λ3
)
Bose
.
Then we can estimate the ratio in our model using respec-
tive estimates from Bose-condensate case, see e.g. [30].
Using the BEC model of dark matter by Harko, based
on the Gross-Pitaevskii equation in the Thomas-Fermi ap-
proximation, we deduce the characteristics of dark matter
halos modified due to µ-deformed statistics. Introducing
the dimensionless factor
f =
√
2πakT
Gm2
≫ 1
where a is the s-wave scattering length which is less than
thermal wavelength (a < λ), G is the gravitational con-
stant, we find the total mass of halo and its radius:
M (µ) =
π
6
mg
(µ)
3/2(1)f
3, R =
1
2
λf = π
√
h¯2a
Gm3
. (45)
Since g
(µ)
3/2(1) < g
(0)
3/2(1) at µ > 0, see also eq. (44), we
may expect a better agreement of our predictions with the
experimental data (e.g. those discussed in [30]), because
ordinary MBEC ≡M (0) leads to some overestimation.
Note that M (µ), the result of deformation, remains the
temperature dependent function while R in (45) does not.
This is related with re-definition of the particle density and
the (critical) volume per particle in the case of deformed
thermodynamics: vc = λ
3/g
(µ)
3/2(1).
Concluding remarks. – Main thermodynamic
quantities of µ-Bose gas – total mean number of par-
ticles N (µ), the (log of) the µ-deformed partition func-
tion etc., involve the µ-generalizations g
(µ)
k (z) of polylog-
arithms gk(z). This fact has influence on other results in
this paper. The metric tensor, Christoffel symbols and
hence the Riemann curvature get expressed through µ-
polylogarithms. Positive sign of curvature and its diver-
gence as z→1 witness the attraction between particles and
the evidence of Bose-like condensation. Formula for the
µ-dependent critical temperature T
(µ)
c is compared with
usual Bose case, with infinite statistics system, and with
T
(p,q)
c of p, q-Bose gas model (in the latter, T
(µ)
c can be
both higher and lower, depending on the values of pa-
rameters p and q). The ratio T
(µ)
c /Tc as a function of µ-
parameter shows: critical temperature T
(µ)
c is higher than
critical Tc of usual Bose gas, in contrast with the system of
infinite statistics which possesses [38] lower critical tem-
perature than the Tc of usual Bose gas. However, such
a property seems not to be a drawback, from the view-
point of possible application of µ-Bose gas as modeling
dark matter: in fact, in our case stability of the condensate
extends even higher in temperature than usual Tc. Also, it
can be shown that other facts important for the modeling
and confirmed for the case of infinite statistics [38] – e.g.
the smallness of particle mass, can be examined for the
µ-bosons as well.
In the context of dark matter, the inner structure of
its constituents at a given deformation plays a remark-
able role in their response to extrinsic perturbation. The
parameter µ is determined by specific conditions of the
dark matter existence, in each galaxy or a local region of
Universe. Moreover, since deformed critical temperature
obeys the condition T
(µ)
c ≥ T
(0)
c > T , we hope that the
dark matter model remains valid in interstellar environ-
ment where the temperature T , concentration of the dark
matter particles ̺ (Tc ∼ ̺
2/3), and parameter µ can vary.
Other remarkable properties of µ-Bose gas model (e.g.
the falling behavior of entropy-per-volume versus the µ-
parameter, that means decreasing chaoticity with growing
deformation strength), can also lead to interesting impli-
cations concerning the use for modeling dark matter.
We conclude that, like infinite statistics particles, the µ-
Bose gas model has its own virtues and thus can be used to
effectively model basic properties of dark matter. In that
domain, the model may turn out to be just as successful
as (µ˜, q)-deformed analog of Bose gas model in the effec-
tive description, see Fig. 5 in [25], of the unusual non-Bose
like properties of (the intercepts of) two-pion correlations
observed in the STAR/RHIC experiments. Obviously, fur-
ther steps and more detailed study are needed in order to
put the proposal on firm ground.
Appendix: Infinite Statistics. – Gas of particles
obeying [48, 49] infinite statistics (with parameter p) was
proposed in [38] as a model of dark matter. Authors
considered thermodynamical geometry of this gas, and
showed with their fig. 1 that condensation does occur for
such system1.
Number of particles and internal energy for infinite
1Note that the figure in [38] was probably obtained numerically,
as there are no explicit expressions of calculated metric components,
Christoffel symbols and curvature in that paper. For that reason
and for the sake of comparison with the results obtained in our µ-
Bose gas model, we present here explicitly the needed geometric
quantities, all being expressed in terms of Lerch transcendent [50].
p-6
The use of µ-Bose gas model for modeling dark matter
statistics gas are given [38] as
U =
A
β
d
2+1
∞∫
0
4pzexx
d
2
e2x − p2z2
dx , (46)
N =
A
β
d
2+1
∞∫
0
4pzexx
d
2−1
e2x − p2z2
dx . (47)
One can show that these functions can be expressed
through the Lerch transcendent [50] whose definition is
Φ(z, s, α) =
1
Γ(s)
∞∫
0
ts−1e−αt
1− ze−t
dt (48)
(here and below Γ(x) is the usual gamma-function). The
expressions (46) and (47) are rewritten as
U =
AΓ(d2 + 1)
(2β)
d
2+1
4pzΦ
(
p2z2,
d
2
+ 1,
1
2
)
, (49)
N =
AΓ(d2 )
(2β)
d
2+1
4pzΦ
(
p2z2,
d
2
,
1
2
)
. (50)
Using the known identity [50] for Lerch transcendent
Φ(z, s− 1, α) =
(
α+ z
d
dz
)
Φ(z, s, α) ,
we calculate the metric components in the space of two
parameters (β, γ) in Fisher-Rao representation
Gββ =
AΓ
(
d
2 + 1
)
(2β)
d
2+1
8pzΦ
(
p2z2,
d
2
+ 1,
1
2
)
,
Gβγ =
AΓ(d2 + 1)
(2β)
d
2+1
8pzΦ
(
p2z2,
d
2
,
1
2
)
,
Gγγ =
AΓ(d2 )
(2β)
d
2
8pzΦ
(
p2z2,
d
2
− 1,
1
2
)
,
and the metric determinant:
det |Gij | =
A2(8ξ)2
(2β)d+2
(
Γ
(
d
2
+ 2
)
Γ
(
d
2
)
Φ−1Φ1−
−Γ2
(
d
2
+ 1
)
Φ20
)
.
Denote pz ≡ ξ. The Christoffel symbols are found to be
Γβββ = −
A
(2β)
d
2+3
Γ
(
d
2
+ 3
)
8ξΦ
(
ξ2,
d
2
+ 1,
1
2
)
,
Γββγ = −
A
(2β)
d
2+2
Γ
(
d
2
+ 2
)
8ξΦ
(
ξ2,
d
2
,
1
2
)
,
Γβγγ = −
A
(2β)
d
2+1
Γ
(
d
2
+ 1
)
8ξΦ
(
ξ2,
d
2
− 1,
1
2
)
,
Γγββ = −
A
(2β)
d
2+2
Γ
(
d
2
+ 2
)
8ξΦ
(
ξ2,
d
2
,
1
2
)
,
Γγβγ = −
A
(2β)
d
2+1
Γ
(
d
2
+ 1
)
8ξΦ
(
ξ2,
d
2
− 1,
1
2
)
,
Γγγγ = −
A
(2β)
d
2
Γ
(
d
2
)
8ξΦ
(
ξ2,
d
2
− 2,
1
2
)
.
Using the notation
Φ
(
ξ2,
d
2
+ k,
1
2
)
≡ Φk
the resulting expression for Riemann tensor is given as
Rβγβγ =
A
(2β)
d
2+2
Γ
(
d
2
+ 2
)
Γ
(
d
2
+ 1
)
Γ
(
d
2
)
8ξ×
×
(
−2Φ1Φ
2
−1 +Φ
2
0Φ−1 +Φ−2Φ1Φ0
)
Γ
(
d
2 + 2
)
Γ
(
d
2
)
Φ−1Φ1 − Γ
(
d
2 + 1
)2
Φ20
and the thermodynamical curvature as
R =
(2β)
d
2+2
4ξA
Γ
(
d
2
+ 2
)
Γ
(
d
2
+ 1
)
Γ
(
d
2
)
×
×
(
−2Φ1Φ
2
−1 +Φ
2
0Φ−1 +Φ−2Φ1Φ0
)(
Γ
(
d
2 + 2
)
Γ
(
d
2
)
Φ−1Φ1 − Γ
(
d
2 + 1
)2
Φ20
)2 . (51)
As it is seen from fig. 1 in [38] and also follows from
eq. (51), in three dimensional (d=3) space sending zp→ 1
results in R → ∞ and thus leads to the phase transition
(Bose-like condensation). This fact, and some other prop-
erties of particles with infinite statistics (their mass, weak-
ness of their interaction etc.) has allowed the authors of
[38] to conclude in favor of ability of such system as pos-
sible model of dark matter.
REFERENCES
[1] Martin-Delgado M.A., J. Phys. A: Math. Gen., 24
(1991) L1285; Neskovic P.V. and Urosevic B.V., Int.
J. Mod. Phys. A, 07 (1992) 3379.
[2] Manko V.I., Marmo G., Solimeno S. and Zaccaria F.,
Phys. Lett. A, 176 (1993) 173.
[3] Chaichian M., Gonzalez Felipe R. and Montonen C.,
J. Phys. A, 26 (1993) 4017; Altherr T. and Grandou
T., Nucl. Phys. B, 402 (1993) 195.
[4] R-Monteiro M., Rodrigues L.M.C.S. and Wulck S.,
Physica A, 259 (1998) 245.
[5] Shu Y.-G., Chen J.-C. and Chen L.-X., Phys. Lett. A.,
292 (2002) 309.
[6] Adamska L.V. and Gavrilik A.M., J. Phys. A, 37 (2004)
4787.
[7] Gavrilik A.M., SIGMA, 2 (2006) 074.
[8] Algin A., Commun. Nonlin. Sci. Numer. Simul., 15
(2010) 1372.
[9] Scarfone A.M. and Narayana Swamy P., J. Stat.
Mech., 02055 (2009) .
p-7
A.M. Gavrilik et al.
[10] Gavrilik A.M. and Rebesh A.P., Eur. Phys. J. A, 47
(2011) 55;
[11] Gavrilik A.M. and Mishchenko Yu.A., Phys. Lett. A,
376 (2012) 2484.
[12] Gavrilik A.M. and Rebesh A.P., Mod. Phys. Lett. B.,
26 (2012) 1150030.
[13] Arik M. and Coon D.D., J. Math. Phys., 17 (1976) 524.
[14] Biedenharn L.C., J. Phys. A: Math. Gen., 22 (1989)
L873; Macfarlane A.J., J. Phys. A: Math. Gen., 22
(1989) 4581.
[15] Chakrabarti A. and Jagannathan R., J. Phys. A:
Math. Gen., 24 (1991) L711; Arik M. et al., Z. Phys.
C, 55 (1992) 89.
[16] Gavrilik A.M. and Rebesh A.P., Mod. Phys. Lett. A,
23 (2008) 921.
[17] Gavrilik A.M. and Rebesh A.P., J. Phys. A: Math.
Theor., 43 (2010) 095203.
[18] Gavrilik A.M., Kachurik I.I. and Rebesh A.P., J.
Phys. A: Math. Theor., 43 (2010) 245204.
[19] Jannussis A., J. Phys. A: Math. Gen., 26 (1993) L233.
[20] Avancini S.S. and Krein G., J. Phys. A: Math. Gen.,
28 (1995) 685.
[21] Gavrilik A.M., Kachurik I.I. andMishchenko Yu.A.,
J. Phys. A: Math. Theor., 44 (2011) 475303.
[22] Gavrilik A.M. and Mishchenko Yu.A., Phys. Lett. A,
376 (2012) 1596.
[23] Abelev B.I. et al., Phys. Rev. C, 80 (2009) 024905.
[24] Anchishkin D.V., Gavrilik A.M. and Panitkin S.Y.,
Ukr. Phys. J., 49 (2004) 935.
[25] Gavrilik A.M. and Mishchenko Yu.A., Nucl. Phys. B,
891 (2015) 466.
[26] Algin A. and Senay M., Phys. Rev. E., 85 (2012)
041123.
[27] Rebesh A., Gavrilik A.M. and Kachurik I.I., Ukr. J.
Phys., 85 (2013) 041123.
[28] Sin S.J., Phys. Rev. D, 50 (1994) 3650.
[29] Boehmer C.G. and Harko T., JCAP, 0706 (2007) 025.
[30] Harko T., JCAP, 05 (2011) 022.
[31] Arbey A., Lesgourgues J. and Salati P., Phys. Rev.
D, 64 (2001) 123528.
[32] Hu W., Barkana R. and Gruzinov A., Phys. Rev. Lett.,
85 (2000) 1158.
[33] Kain B., Ling H.Y., Phys. Rev. D, 82 (2010) 064042.
[34] Suarez A., Robles V.H. and Matos T., Astrophysics
and Space Science Proceedings, vol. 38 (Springer) 2013,
p. 107.
[35] Guzman S.F., Lora-Clavijo F.D., Gonzalez-Aviles
J.J. and Rivera-Paleo F.J., JCAP, 09 (2013) 034.
[36] Park C.-G., Hwang J.-C. and Noh H., Phys. Rev. D,
86 (2012) 083535.
[37] Benakli K., Ellis J. andD.V. Nanopoulos, Phys. Rev.
D, 59 (1999) 047301.
[38] Ebadi Z., Mirza B. and Mohammadzadeh V., JCAP,
11 (2013) 057.
[39] Dil E., Phys. Dark Univ., 16 (2017) 1-13.
[40] Strominger A., Phys. Rev. Lett., 71 (1993) 3397.
[41] Ng Y.J., Phys. Lett. B, 657 (2007) 10.
[42] Zare Z., Raissi Z., Mohammadzadeh H. and Mirza
B., Eur. Phys. J. C, 72 (2012) 2152.
[43] Ruppeiner M., Phys. Rev. A, 20 (1979) 1608.
[44] Janyszek H. and Mrugala R., Rep. Math. Phys., 27
(1989) 145.
[45] Ubriaco M., Phys. Lett. A, 376 (2012) 3581.
[46] Kac V. and Cheung P., Quantum calculus (Springer)
2002, p. 112.
[47] Pathria R., Statistical mechanics, 2nd ed. (Butterworth-
Heinemann Linacre House, Oxford) 1996, p. 542.
[48] Greenberg O.W., Phys. Rev. Lett., 64 (1990) 705.
[49] Medvedev M.V., Phys. Rev. Lett., 78 (1997) 4147.
[50] Bateman H. and Erdelyi A., Higher Transcendental
Functions, Vol. I (New York: McGraw-Hill) 1953, p. 27,
§1.11, ”The function Ψ(z,s,v)”.
p-8
